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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER q-EULER
POLYNOMIALS
DAE SAN KIM AND TAEKYUN KIM
Abstract. In this paper, we derive basic identities of symmetry in two vari-
ables related to higher-order q-Euler polynomials and q-analogue of higher-
order alternating power sums. The derivation of identities are based on the
multivariate p-adic fermionic integral expression of the generating function for
the higher-order q-Euler polynomials.
1. Introduction
Let p be a fixed prime number. Throughout this paper, Zp, Qp and Cp will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of Qp.
Let vp be the normalized exponential valuation of Cp with |p|p = p
−vp(p) = 1
p
.
When one talks about q-extension, q is variously considered as an indeterminate,
a complex number q ∈ C or p-adic number q ∈ Cp. If q ∈ C, one usually assumes
|q| < 1; if q ∈ Cp, one usually assumes |1− q|p < 1. The q-number of x is defined
by [x]q =
1−qx
1−q . Note that limq→1
[x]q = x.
For r ∈ N, the Euler polynomials of order r are defined by the generating function
to be
(1)
(
2
et + 1
)r
ext =
(
2
et + 1
)
× · · · ×
(
2
et + 1
)
ext =
∞∑
n=0
E(r)n (x)
tn
n!
.
When x = 0, En = En (0) are called the Euler numbers of order r (see [?, ?]).
From (1), we note that
(2) E(r)n (x) =
n∑
l=0
(
n
l
)
E
(r)
l x
n−l,
(see [?, ?]).
In [?], Kim considered the q-extension of (1) which is given by
(3) 2r
∞∑
m=0
(−1)
m
(
m+ r − 1
m
)
e[m+x]qt =
∞∑
n=0
E(r)n,q (x)
tn
n!
.
Thus, by (3), we get
(4)
∞∑
n=0
E(r)n,q (x)
tn
n!
= 2r
∞∑
m1,··· ,mr=0
(−1)
m1+···+mr e[m1+···+mr+x]qt,
where E
(r)
n,q (x) are called the q-Euelr polynomials of order r(∈ N).
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When x = 0, E
(r)
n,q = E
(r)
n,q (0) are called the q-Euler number of order r.
From (4), we note that
(5) E(r)n,q (x) =
n∑
l=0
(
n
l
)
qlxE
(r)
l,q [x]
n−l
q .
Let C (Zp) be the space of continuous functions on Zp. For f ∈ C (Zp), the
fermionic p-adic integral on Zp is defined by Kim as follows :
(6) I−1 (f) =
ˆ
Zp
f (x) dµ−1 (x) = lim
N→∞
pN−1∑
x=0
f (x) (−1)
x
,
(see [?, ?, ?]).
By (6), we easily geet
(7)
ˆ
Zp
f (x+ n) dµ−1 (x) + (−1)
n−1
ˆ
Zp
f (x) dµ−1 (x) = 2
n−1∑
l=0
(−1)
n−1−l
f (l) ,
where n ∈ N (see [?, ?, ?, ?, ?, ?]).
Thus, from (7), we have
(8)
ˆ
Zp
e(x+y)tdµ−1 (y) =
2
et + 1
ext =
∞∑
n=0
En (x)
tn
n!
.
By (8), we easily get
ˆ
Zp
· · ·
ˆ
Zp
e(x+y1+···+yr)tdµ−1 (y1) · · · dµ−1 (yr) =
(
2
et + 1
)r
ext(9)
=
∞∑
n=0
E(r)n (x)
tn
n!
.
In the next section, we consider the q-analogue of (9). In [?], the thirty one basic
identities of symmetry in three variables related to higher-order Euler polynomials
and alternating power sums are derived from (9).
In [?], Kim gave some interesting relations of symmetry between the alternating
power sum polynomials and Euler polynomials and he suggested an open question
as to finding the q-extension of symetry p-adic invariant integral on Zp for q-Euler
polynomials.
Recently, several authors have studied the identity of symmetry and q-extensions
of Euler polynomials which are derived from the p-adic fermionic integrals on Zp
(see [1-13]).
In this paper, we investigate several further interesting properties of symmetry
for the multivariate p-adic fermionic integrals on q-polynomials. From our investi-
gation, we derive some relations of symmetry between the higher-order alternating
power sum q-polynomials and the higher-order q-Euler polynomials.
2. Identities of symmetry for the higher-order q-Euler polynomials
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From (3), (4), (6) and (7), we note that
ˆ
Zp
· · ·
ˆ
Zp
e[x+y1+···+yr]qtdµ−1 (y1) · · · dµ−1 (yr)(10)
=2r
∞∑
m1,··· ,mr=0
(−1)
m1+···+mr e[m1+···+m+x]qt
=
∞∑
n=0
E(r)n,q (x)
tn
n!
.
Thus, by (10), we get
ˆ
Zp
· · ·
ˆ
Zp
[x+ y1 + · · ·+ yr]
n
q dµ−1 (y)(11)
=E(r)n,q (x)
=
1
(1− q)
n
n∑
l=1
(
n
l
)
(−1)
l
(
2
1 + ql
)r
=2r
∞∑
m1,··· ,mr=0
(−1)
m1+···+mr [m1 + · · ·+mr]
n
q .
Let w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2). Then we observe
that
ˆ
Zp
· · ·
ˆ
Zp
e
[w1]q
[
w2x+
w2
w1
(j1+···+jr)+y1+···+yr
]
qw1
t
dµ−1 (y1) · · · dµ−1 (yr)
(12)
=
ˆ
Zp
· · ·
ˆ
Zp
e[w1w2x+w2(j1+···+jr)+w1(y1+···+yr)]qtdµ−1 (y1) · · · dµ−1 (yr)
= lim
N→∞
pN−1∑
y1,··· ,yr=0
e[w1w2x+w2(j1+···+jr)+w1(y1+···+yr)]qt (−1)
y1+···+yr
= lim
N→∞
w2p
N
−1∑
y1,··· ,yr=0
e
[w1w2x+w2
∑
r
l=1 jl+w1
∑
r
l=1 yl]qt (−1)
∑
r
l=1
yl
= lim
N→∞
w2−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
e
[w1w2x+w2
∑
r
l=1
jl+w1
∑
r
l=1
(il+w2yl)]
q
t
(−1)
∑r
l=1
(il+w2yl) .
4 DAE SAN KIM AND TAEKYUN KIM
From (12), we have
w1−1∑
j1,··· ,jr=0
(−1)
j1+···+jr(13)
×
ˆ
Zp
· · ·
ˆ
Zp
e
[w1]q
[
w2x+
w2
w1
(j1+···+jr)+y1+···+yr
]
qw1
t
dµ−1 (y1) · · · dµ−1 (yr)
= lim
N→∞

 w1−1∑
j1,··· ,jr=0
w2−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
(−1)
∑
r
l=1
(il+jl+yl)
×e
[w1w2(x+
∑
r
l=1 yl)+w2
∑
r
l=1 jl+w1
∑
r
l=1 il]qt
)
.
By the same method as (13), we get
w2−1∑
j1,··· ,jr=0
(−1)
j1+···+jr(14)
×
ˆ
Zp
· · ·
ˆ
Zp
e
[w2]q
[
w1x+
w1
w2
(j1+···+jr)+y1+···+yr
]
qw2
t
dµ−1 (y1) · · · dµ−1 (yr)
= lim
N→∞

 w2−1∑
j1,··· ,jr=0
w1−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
(−1)
∑
r
l=1
(il+jl+yl)
×e
[w1w2(x+
∑
r
l=1
yl)+w1
∑
r
l=1
jl+w2
∑
r
l=1
il]
q
t
)
.
Therefore, by (13) and (14), we obtain the following theorem.
Theorem 1. For w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2), we have
w1−1∑
j1,··· ,jr=0
(−1)j1+···+jr
×
ˆ
Zp
· · ·
ˆ
Zp
e
[w1]q
[
w2x+
w2
w1
(j1+···+jr)+y1+···+yr
]
qw1
t
dµ−1 (y1) · · · dµ−1 (yr)
=
w2−1∑
j1,··· ,jr=0
(−1)j1+···+jr
×
ˆ
Zp
· · ·
ˆ
Zp
e
[w2]q
[
w1x+
w1
w2
(j1+···+jr)+y1+···+yr
]
qw2
t
dµ−1 (y1) · · · dµ−1 (yr) .
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Corollary 2. For n ≥ 0, and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1
(mod 2), we have
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jl
ˆ
Zp
· · ·
ˆ
Zp
{
[
w2x+
w2
w1
(j1 + · · ·+ jr) + (y1 + · · ·+ yr)
]n
qw1
}
dµ−1 (y1) · · · dµ−1 (yr)
= [w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jl
ˆ
Zp
· · ·
ˆ
Zp
{
[
w1x+
w1
w2
(j1 + · · ·+ jr) + (y1 + · · ·+ yr)
]n
qw2
}
dµ−1 (y1) · · · dµ−1 (yr) .
Therefore, by (11) and Corollary 2, we obtain the following theorem.
Theorem 3. For n ≥ 0, and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1
(mod 2), we have
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jl E
(r)
n,qw1
(
w2x+
w2
w1
(j1 + · · ·+ jr)
)
= [w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jl E
(r)
n,qw2
(
w1x+
w1
w2
(j1 + · · ·+ jr)
)
.
From (11), we can derive the following equation (15) :
ˆ
Zp
· · ·
ˆ
Zp
[
w2x+
w2
w1
(j1 + · · ·+ jr) + (y1 + · · ·+ yr)
]n
qw1
dµ−1 (y1) · · · dµ−1 (yr)
(15)
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
[j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑r
l=1
jl
×
ˆ
Zp
· · ·
ˆ
Zp
[
w2x+
r∑
l=1
yl
]n−i
q
dµ−1 (y1) · · · dµ−1 (yr)
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
[j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑
r
l=1
jlE
(r)
n−i,qw1 (w2x) .
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By (15), we get
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jl(16)
×
ˆ
Zp
· · ·
ˆ
Zp
[
w2x+
w2
w1
r∑
l=1
jl +
r∑
l=1
yl
]n
qw1
dµ−1 (y1) · · · dµ−1 (yr)
=
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jl
n∑
i=0
(
n
i
)
[w2]
i
q [w1]
n−i
q
× [j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑r
l=1 jlE
(r)
n−i,qw1 (w2x)
=
n∑
i=0
(
n
i
)
[w1]
n−i
q [w2]
i
q E
(r)
n−i,qw1 (w2x)
×
w1−1∑
j1,··· ,jr=0
(−1)
j1+···+jr [j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑
r
l=1
jl
=
n∑
i=0
(
n
i
)
[w1]
n−i
q [w2]
i
q T
(r)
n,i,qw2 (w1)E
(r)
n−i,qw1 (w2x) ,
where
(17) T
(r)
n,i,q (w) =
w−1∑
j1,··· ,jr=0
(−1)j1+···+jr q(n−i)(j1+···+jr) [j1 + · · ·+ jr]
i
q .
By the same method as (16), we see that
[w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)j1+···+jr
(18)
×
ˆ
Zp
· · ·
ˆ
Zp
[
w1x+
w1
w2
(j1 + · · ·+ jr) + (y1 + · · ·+ yr)
]n
qw2
dµ−1 (y1) · · · dµ−1 (yr)
=
n∑
i=0
(
n
i
)
[w1]
i
q [w2]
n−i
q T
(r)
n,i,qw1 (w2)E
(r)
n−i,qw2 (w1x) .
Therefore, by Corollary (2), (16), (17) and (18), we obtain the following theorem.
Theorem 4. For n ≥ 0, and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1
(mod 2), we have
n∑
i=0
(
n
i
)
[w1]
n−i
q [w2]
i
q T
(r)
n,i,qw2 (w1)E
(r)
n−i,qw1 (w2x)
=
n∑
i=0
(
n
i
)
[w1]
i
q [w2]
n−i
q T
(r)
n,i,qw1 (w2)E
(r)
n−i,qw2 (w1x) ,
where
T
(r)
n,i,q (w) =
w−1∑
j1,··· ,jr=0
(−1)
j1+···+jr q(n−i)(j1+···+jr) [j1 + · · ·+ jr]
i
q .
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